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Almost sure minimality of the set of experiments with classical Kirkwood-Dirac representations
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A central problem in quantum information is determining quantum-classical boundaries. In the quasiproba-
bility framework, a state is called classical if it is represented by a quasiprobability distribution that is positive,
and thus a probability distribution. In recent years, the Kirkwood-Dirac (KD) distributions have gained much
interest due to their numerous applications in modern quantum-information research. A particular advantage of
the KD distributions is that they can be defined with respect to arbitrary observables. Here, we show that if two
d-dimensional observables are picked at random, the set of classical (positive) states of the resulting KD distri-
bution is a minimal polytope of dimension 2(d − 1) with 2d explicitly known vertices. This implies minimality
of the sets of KD-real observables, of KD-positive measurement elements, and of KD-positivity-preserving
unitaries. We show how these results have implications on robust observations of nonclassical phenomena, on
classical simulations of quantum circuits, and on foundations of quantum theory.
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I. INTRODUCTION

Quasiprobability distributions are useful tools to study
and characterize quantum experiments. They are objects
similar to probability distributions but can assume negative
or nonreal values—hallmarks of quantum phenomena. The
Wigner function, which represents quantum states with dis-
tributions over the eigenvalues of conjugate observables, has
played a pivotal role in the development of quantum op-
tics [1,2]. More generally, the Wigner function, and other
quasiprobability distributions, are practical tools for investi-
gating the classical-quantum boundary in various quantum-
information-processing tasks [3–10]. Such advantages can be
obtained only if the quasiprobability distributions characteriz-
ing the states, observables and processes involved are not all
positive [11–13]. This highlights the importance of identifying
the (convex) set of positive states, meaning those states that
have positive quasiprobability distributions.

For example, the only pure Wigner-positive states are the
pure Gaussian states [14,15]. However, a similar characteri-
zation of the set of mixed Wigner-positive states is currently
unknown and the subject of significant research [15–18]. In
particular, there exist Wigner positive states that are not con-
vex combinations (mixtures) of gaussian states [15,17,19,20].

Recently, the Kirkwood-Dirac (KD) distributions [21–23]
have come to the foreground as versatile mathematical tools to
study discrete-variable quantum-information processes. Con-
sider the sets of projectors A = {|ai〉〈ai|} and B = {|b j〉〈b j |}
associated with two bases {|ai〉} and {|b j〉} in a d-dimensional
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Hilbert space H. Typically, these bases are eigenbases of
observables A and B determined by the physical context of
interest. Unlike the observables used to define the Wigner
function, A and B need not be conjugate. The KD distribution
associates to each quantum state ρ a quasiprobability distribu-
tion Q(ρ) with entries given by

Qi j (ρ) = 〈b j |ai〉〈ai|ρ|b j〉 ∈ D, (1)

where D is the closed complex unit disk. In analogy with the
definition of Wigner-positive states, if Qi j (ρ) ∈ [0, 1], for all
i, j, such that it is a proper probability distribution, we call
ρ KD positive, or classical. If Q(ρ) takes negative or nonreal
entries, we call ρ KD nonpositive, or nonclassical.

The KD distributions’ negativity or nonreality under-
lie quantum advantages in diverse fields [23,24]. Examples
include metrology [8,10,25], weak values [26–31], ther-
modynamics [5,9,24,32,33], and information scrambling
[6,32,34–36]. Moreover, negative or nonreal KD distribu-
tions can signal generalized contextuality (a strict notion of
nonclassicality) [9,23,37–39] and violations of Leggett-Garg
inequalities (temporal Bell inequalities) [40–43].

In light of its diverse applications, a full characterization
of KD-positive states is warranted. However, such a char-
acterization is, as for the Wigner-positive states, nontrivial.
The difficulty is exacerbated by the KD distribution’s depen-
dence on the two arbitrary bases in its definition. A partial
characterization of the KD-positive pure states is obtained
in Refs. [44–49], where KD positivity is linked to quantum
uncertainty. Moreover, initial results on the KD positivity
of mixed states were obtained in specific instances [50–54],
which highlight the intricacies of the structure of the set of
KD-positive states: This set, which we shall denote by EKD+,
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FIG. 1. Schematic representation of possible geometries of
EKD+, when d = 3. The disk represents all states, with the boundary
representing the pure states. (a) The simplest situation (Theorem
1): EKD+ = conv(A ∪ B). (b) A more complex situation: conv(A ∪
B) � conv(Epure

KD+) � EKD+. The point D represents a pure state in
EKD+. The arc C represents a set of mixed extremal states in EKD+.
The hatched part represents the so-called exotic states.

is not necessarily a polytope, and if it is, its extremal points
may not be pure states, making them hard to identify. (See
Fig. 1.)

In this article, we fully characterize the set of KD-positive
states of almost all KD distributions. For almost all choices of
the bases, we show that all KD-positive states are mixtures
of the bases’ states: They are of the simplest and minimal
form. (See Theorem 1.) Our result further implies that the
set of observables, unitary transformations, and generalized
measurements (defined below) with classical KD represen-
tations are also almost always minimal. Moreover, the only
unitaries that are KD-positivity preserving are (trivial) global
phases. Finally, we discuss applications and implications of
our results in relation to witness construction for nonclassical
phenomena, classical simulations of quantum circuits, and
foundations of quantum theory.

II. THE KD REPRESENTATION OF QUANTUM THEORY

The KD distributions, as do other quasiprobability distribu-
tions, provide useful alternatives to the standard Schrödinger
picture of quantum mechanics. If mA,B := min |〈ai|b j〉| >

0 (as we assume henceforth), the KD distribution is in-
formationally complete [55]: Knowledge of Q(ρ) uniquely
determines ρ. The marginals of Q(ρ) reproduce the Born rule:∑

j

Qi j (ρ) = 〈ai|ρ|ai〉,
∑

i

Qi j (ρ) = 〈b j |ρ|b j〉,
∑
i, j

Qi j (ρ) = 1. (2)

Therefore, Q(ρ) behaves as a joint probability distribution for
the observables A and B, except that it may take complex
values.

To extend the KD formalism to a full representation of
quantum mechanics, we introduce the KD symbol W (F ) of
an operator F :

Wi j (F ) = 〈ai|F |b j〉
〈ai|b j〉 = Qi j (F )

|〈ai|b j〉|2 . (3)

Here, we extended Eq. (1) by linearity to all operators F on H.
Then, the expectation value Tr(F †ρ) of any operator F with
respect to any state ρ is [13,23,50]

Tr(F †ρ) =
∑
i, j

W ∗
i j (F )Qi j (ρ). (4)

Mathematically, each matrix element Wi j (F ) is a weak value
of F [26]. We call an operator KD real if its KD symbol is
real. The real vector space of KD-real observables is denoted
by VKDr: F ∈ VKDr provided that F = F † and that Wi j (F ) ∈ R
for all i, j. The set VKDr of KD-real observables is in general
equally difficult to characterize as the set EKD+ of KD-positive
states.

A generalized measurement (also known as a positive-
operator-valued measure) is described by a set {Mk}, the
elements of which are positive semidefinite operators that
satisfy

∑
k Mk = Id . We denote by MKD+ the space of mea-

surement elements M with Wi j (M ) � 0.
Together, the KD distribution Q and the KD symbol W

provide a quasiprobability representation of quantum mechan-
ics. Their restrictions to EKD+, respectively MKD+, provide a
proper probability representation of a (classically describable)
“fragment” of quantum mechanics. The states of this fragment
belong to EKD+ and its observables are modeled with general-
ized measurements with elements in MKD+.

III. MAIN RESULT

We now explore further the set of KD-positive states and
KD-real observables. Given two sets of basis projectors A and
B, one can readily confirm that

conv(A ∪ B) ⊆ EKD+ and spanR(A ∪ B) ⊆ VKDr. (5)

Here, conv(Z ) denotes all convex combinations of the ele-
ments in Z , spanR(Z ) denotes the real vector space generated
by Z , and ∪ denotes the union of two sets. Our main result is
as follows:

Theorem 1. Let A = {|ai〉〈ai|} and B = {|b j〉〈b j |} be ran-
domly chosen. Then, with probability 1, the sets of KD-
positive states, of KD-real observables, of KD-positive
measurement elements, and of KD-positivity-preserving uni-
taries T (in d > 2) are all of minimal size:

EKD+ = conv(A ∪ B), (6)

VKDr = spanR(A ∪ B), (7)

MKD+ ⊂ spanR+ (A ∪ B), (8)

T = exp(iα)Id , α ∈ R. (9)

Equation (6) asserts that a state ρ is KD positive if and
only if there exist 0 � λi, μ j � 1 with

∑
i λi + ∑

j μ j = 1,
such that

ρ =
∑
i, j

λi|ai〉〈ai| + μ j |b j〉〈b j |. (10)

Thus, EKD+ is a 2(d − 1)-dimensional polytope with {|ai〉〈ai|}
and {|b j〉〈b j |} as its 2d known vertices. EKD+ cannot be
“smaller” as any projector in A or in B is KD positive by con-
struction. Moreover, Eq. (7) asserts that, with probability 1,
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an observable is KD real if, and only if, there exist λi, μ j ∈ R
such that

F =
∑
i, j

λi|ai〉〈ai| + μ j |b j〉〈b j |. (11)

Similarly, Eq. (8) asserts that any measurement element M ∈
MKD+ is of the form

M =
∑
i, j

λi|ai〉〈ai| + μ j |b j〉〈b j |, (12)

with 0 � λi, μ j � 1. Finally, Eq. (9) asserts that only trivial
unitaries T transform any KD-positive state ρ into a KD-
positive state T ρT †.

Before proving Theorem 1, we explain the precise meaning
of the expression “randomly chosen.” Whereas both sides of
Eqs. (6)–(8) depend on the sets of basis projectors A and B,
the relations themselves depend only on their transition matrix
U (with elements Ui j = 〈ai|b j〉), not on the individual basis
elements. In other words, if A′ and B′ are such that U ′ = U ,
then, if Eqs. (6)–(8) hold for A and B, they also hold for A′
and B′ [46]. The unitary group U (d ) carries a unique invariant
probability measure, called the Haar measure, that we denote
by μH [56]. Theorem 1 asserts that there is a probability-1
subset of transition matrices for which Eqs. (6)–(8) hold.

We now turn to the proof of the theorem. We denote by
� the set of all unitary matrices U for which min |Ui j | > 0;
these are the unitary matrices that contain no zeros. The set �

is open and μH(�) = 1. In other words, � is a probability-1
subset of the unitary group. The latter statement follows di-
rectly from Proposition 3 below. It was established in Ref. [50]
that, when U ∈ �, dim[spanR(A ∪ B)] = 2d − 1 and

EKD+ = conv(A ∪ B) ⇔ VKDr = spanR(A ∪ B). (13)

In view of Eq. (5), the theorem thus follows once we show
that, with probability 1, VKDr ⊆ spanR(A ∪ B) or, equiva-
lently, that dim VKDr = 2d − 1. We start by noting that

VKDr = Ker(Im W ) ∩ S (H), (14)

where ∩ denotes the intersection of two sets, S (H) de-
notes the real vector space of self-adjoint operators on H,
and Im W : F ∈ L(H) → Im[Wi, j (F )](i, j)∈[[1,d]]2 ∈ C(d×d ) de-
notes the imaginary components of the map W . Indeed, an
operator F is KD real whenever Im W (F ) = 0, i.e., F ∈
Ker(Im W ).

As Q is informationally complete (bijective), Eq. (3) im-
plies that the same holds for W . That is, given an arbitrary
matrix w ∈ Md (C), there is a unique operator F ∈ L(H)
such that

〈ai|F |b j〉 = wi j〈ai|b j〉. (15)

Hence

dim VKDr = dim W (VKDr ). (16)

In what follows, we will show that dim W (VKDr ) = 2d − 1
with probability 1, thereby concluding the proof. We give a
schematic overview of our proof strategy in Fig. 2.

We proceed by showing how to characterize the real vector
space W (VKDr ) as a subspace of Md (R), the space of d × d
real matrices. For that purpose, we first identify W [S (H)]. A

FIG. 2. The two circles represent the set of all operators and
the corresponding set of KD symbols. Proving Theorem 1 reduces
to showing that, with probability 1, the red (dotted) and the blue
(striped) sets coincide. The blue and red sets on the right have simpler
mathematical descriptions than they do on the left, facilitating the
proof of Theorem 1.

direct computation, using the definition of W , shows that an
operator F is self-adjoint if and only if for all i, j,∑

l

[Wil (F ) − Wjl (F )∗]U ∗
jlUil = 0. (17)

It follows that w ∈ W (VKDr ) if and only if w ∈ Md (R) and,
for all i, j, ∑

l

(wil − w jl )U
∗
jlUil = 0. (18)

This observation motivates us to define, for each unitary oper-
ator U , the real linear map CU : Md (R) → Sd (C), where

CU
jk (w) = i

∑
l

(w jl − wkl )U
∗
klUjl . (19)

One can therefore conclude that

W (VKDr ) = Ker(CU ). (20)

This implies that the two real vector spaces VKDr and Ker(CU )
are isomorphic and hence have the same dimension. Addition-
ally, in view of Eq. (5),

W [spanR(A ∪ B)] ⊆ W (VKDr ) = Ker(CU ). (21)

Hence, dim[Ker(CU )] � 2d − 1. In other words, given U , the
linear algebra question we need to address is as follows: “Is
the dimension of Ker(CU ) equal to 2d − 1?”

We observe that

W [spanR(A ∪ B)] = spanR{Xk,Y�}, (22)

where Xk = W (|ak〉〈ak|) and Yk = W (|bk〉〈bk|) are d × d ma-
trices given by

Xk =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 · · · 0
...

. . .
...

0 · · · 0
1 · · · 1
0 . . . 0
...

. . .
...

0 · · · 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (23)
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Yk =

⎛⎜⎝0 · · · 0 1 0 · · · 0
...

. . .
...

...
...

. . .
...

0 · · · 0 1 0 · · · 0

⎞⎟⎠. (24)

Here, Xk is a matrix with ones on its kth row and zeros
elsewhere, and Yk = X T

k . While both VKDr and the map W
depend on the two set of basis projectors A and B, the
real vector space W (VKDr ) = Ker(CU ) depends only on their
transition matrix U , not on the individual bases. In addition,
W [spanR(A ∪ B)] depends neither on the sets of basis pro-
jectors A and B, nor even on the transition matrix U . This
constitutes a considerable simplification that we will exploit
to determine the dimension of Ker(CU ).

For any U , we define

T := spanR{Xk,Y�} ⊆ Ker(CU ). (25)

T is well defined even if U does have zeros since CU in
Eq. (19) is always well defined. Let N = T ⊥ denote the
orthogonal complement of T in Md (R) with respect to the
Hilbert-Schmidt inner product on Md (C) given by 〈A, B〉 =
Tr(A†B). Then, dim N = d2 − (2d − 1) = (d − 1)2 and

CU : Md (R) = T ⊕ N → Ran(CU ) ⊆ Sd (C). (26)

Here, Ran(Z ) denotes the range of Z . Since T does not depend
on U , the subspace N � Md (R) is independent of U as well.
We then define the set of “good” unitaries

� = {U ∈ U (d ) | Ker(CU ) = T }. (27)

This terminology is justified by the fact that dim T = 2d − 1.
Thus, the proof of Eqs. (6)–(8) of Theorem 1 is reduced to the
proof of the following proposition.

Proposition 2. The set � of unitary matrices U for which
Ker(CU ) = T is a set of probability 1:

μH(�) = 1. (28)

Proof of Proposition 2. It follows from the rank-nullity
theorem that U ∈ � if and only if

CU |N : N → Sd (C) (29)

is injective. We now show that this is indeed the case with
probability 1.

Our proof relies on the existence of two sets of basis
projectors A� and B� for which U� ∈ �. As follows from a
simple calculation in Appendix B, in any dimension d , this
property is satisfied by

U� = exp(id−1Jd ) = Id + zJd . (30)

Here, z = d−1(ei − 1), Id is the identity matrix, and Jd is the
matrix of ones. We define

R� := Ran(CU� ) ⊆ Sd (C). (31)

Since U� ∈ �, we know that dim(R�) = dim(N ) = (d − 1)2.
Let 	� be the orthogonal projector onto R�:

	� : Sd (C) → R� � Sd (C), 	2
� = 	�. (32)

For every U ∈ U (d ) we then define

C̃U := 	�C
U |N : N → R�. (33)

If C̃U is a bijection, then CU |N is an injection which in turn
implies that U ∈ �. Moreover, by construction, C̃U� is a bijec-
tion. We now show that the unitaries U ∈ U (d ) for which C̃U

is a bijection form a set of probability 1. This will conclude the
proof. Consider two bases, one in N and one in R�. Because
neither N , nor R� depend on U these bases can be chosen
independently of U . We then denote the determinant of C̃U

with respect to this choice of bases by det(C̃U ). Since the
matrix elements of CU are quadratic polynomials in the real
and imaginary parts of the matrix elements of U , it follows
that the map

c : U (d ) → R, U �→ det(C̃U ), (34)

is also a polynomial in the real and imaginary parts of the
entries of U . Since c(U�) �= 0, the result now follows from
Proposition 3 below. �

Proposition 3. Let f : U (d ) → R be a polynomial in the
real and imaginary matrix elements of U . Suppose that there
exists at least one unitary matrix U� for which f (U�) �= 0; then
the zero set of f has vanishing Haar measure.

We provide a proof in Appendix A (which contains Refs.
[57–64] therein). The proof relies on the fact that the zero
sets of real analytic functions on Rm have vanishing Lebesgue
measure. Finally, our proof yields as a corollary Eq. (9).

IV. DISCUSSION

We have shown that the convex set of KD-positive states,
EKD+, is, with probability 1, simple and of minimal size. That
is, EKD+ is almost always the polytope of all mixtures of the
states in A and B, of which the supporting hyperplanes are
known [50]. Also the space of KD-real observables, the set
of KD-positivity-preserving unitary transformations, and the
set of KD-positive measurement elements are almost always
minimal. Below, we discuss four applications of our results,
with details in Appendixes D–F.

First, consider the task of preparing a state ρ with the
purpose of generating nonclassical phenomena in any of the
numerous fields where KD nonpositivity signals quantum ad-
vantages. Naturally, one would want ρ to be far from EKD+,
i.e., far from the shaded areas in Fig. 1. In general, it can be
a formidable task to characterize the region outside EKD+. For
example, the KD distribution naturally associated to n qubits
(d = 2n) has O(d log2(d ) ) KD-positive pure extremal states and
additional elusive mixed extremal states. Then EKD+ is not
necessarily a polytope and determining the distance of ρ to
this set is often unfeasible. However, our results show that
almost all KD distributions have only 2d explicitly known
positive extremal states. For such KD distributions, one can
lower bound the distance of any given ρ to EKD+ through
the known witnesses associated with the facets of the simple
polytope EKD+ = conv(A ∪ B).

Second, our theorem has applications to the foundational
concept of generalized contextuality [65]. Generalizing Bell
nonlocality, generalized contextuality describes the nonclas-
sical phenomenon wherein experimentally indistinguishable
procedures cannot be represented identically on a hidden-
variable level. Prior works have established that experiments
measuring the weak values in Eq. (3) are noncontextual (clas-
sical) if and only if the input state ρ is KD positive [29,39,66].
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Applying Theorem 1, we find that the set of input states that
yield classical behavior is minimal and well known for almost
all observables A and B.

Third, certain forms of nonclassical phenomena [39] stem
from mixed exotic states: states that have a positive KD dis-
tribution but cannot be decomposed in terms of KD-positive
pure states. [See Fig. 1(b).] Our results show that such states
can exist only in rare and tailored KD distributions, such as
those associated to certain spin-1 [50] or n-qubit systems.

Fourth, Theorem 1 has implications for the prospect of em-
ploying the KD distribution for efficient classical simulation
of amenable quantum circuits. Quasiprobability distributions
can be used to simulate quantum circuits using Monte Carlo
sampling [67]. The run time of such techniques scales poly-
nomially with the accuracy but exponentially with the total
KD nonpositivity of the circuit’s input state, unitary gates,
and measurements. Our results immediately imply that, with
probability 1, the only KD-positive circuit is an initializa-
tion in conv(A ∪ B) followed immediately by a measurement
in MKD+. Consequently, only rare KD distributions can be
expected to be of use in standard protocols for efficient
quantum-circuit simulation.

To summarize, our results prove that the characterization
of nonclassical features connected with KD distributions is
almost always vastly simpler than it can be. Our results also
show that rare KD distributions must be tailored to unveil
certain aspects of quantum theory. Such KD tailoring will
benefit from further studies of the map CU .
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APPENDIX A: ON THE ZEROS OF A NONZERO
POLYNOMIAL FUNCTION ON U (d )

For convenience, we recall here Proposition 3. We expect
this result to be well known, but we did not find a proof in the
literature.

Proposition 3. Let f : U (d ) → R be a polynomial in the
real and imaginary matrix elements of U . Suppose that there
exists at least one unitary matrix U� for which f (U�) �= 0; then
the zero set of f has vanishing Haar measure.

We first recall some known properties of the unitary group
U (d ). We then show that the zero set of an analytic function
on a connected analytic manifold has zero measure, implying

Proposition 3. Note that throughout this Appendix, we call a
function analytic if it is a real analytic function.

First, we need some basic facts on the unitary group
U (d ) = {U ∈ Md (C),U †U = Id} that we collect here. We
view a matrix U ∈ U (d ) as a tuple of d columns:

U = (U1, . . . ,Ud ). (A1)

The Uj satisfy the orthonormality relations

U †
j Uk = δ jk . (A2)

We write

U = R + iS and Uj = Rj + iS j, (A3)

for real and imaginary parts, and thus identify U with an
element of Md (R) × Md (R) � R2d2

.
The orthonormality relations of equation (A2) become, for

all j, k,

RT
j Rk + ST

k S j = δ jk, RT
j Sk − ST

j Rk = 0. (A4)

Proposition A1. U (d ) is compact and connected. More-
over, it is a d2-dimensional analytic submanifold of Md (R) ×
Md (R) � R2d2

.
The proof that U (d ) is compact and connected is standard

(see, for example, Ref. [57]). We did not find a proof of the
analytic part of the proposition in the literature, although it
is certainly well known. We provide an argument below. Let
us first recall that a function f : Rn → Rm is analytic if it
has, for each x ∈ Rn, a convergent Taylor series expansion
(in some neighborhood of x). A submanifold of Rn is said
to be a k-dimensonal analytic submanifold if it can be locally
parametrized with analytic coordinates [58].

Theorem A 1 states that a level surface of an analytic func-
tion f is an analytic submanifold, provided f has no critical
points on the level surface. Theorem A 1 is the adaptation to
the analytic setting of a well-known result in the C∞ setting,
based on the analytic implicit function theorem; we omit the
details (see Theorem 5.3 in Ref. [59] and Theorem 6.3.2 in
Ref. [60]).

Theorem A1. Let (n, m) ∈ N2 such that m < n. Let f :
Rn → Rm be an analytic function and k ∈ Rm. We denote
by �k = {x ∈ Rn | f (x) = k}. Suppose that for all x ∈ �k ,
D f (x) has rank m (i.e., is of maximal rank). Then, �k is an
analytic submanifold of Rn with dimension n − m.

We can now prove Proposition A 1.
Proof of Proposition A 1. To prove that U (d ) is an analytic

manifold of dimension d2, we consider the map f : Md (R) ×
Md (R) → Sd (R) × Ad (R), with the notations used in Eq.
(A4):

f (R, S) = (RT R + ST S, RT S − ST R). (A5)

Here, Sd (R) is the set of real symmetric d by d matrices and
Ad (R) the set of real antisymmetric d by d matrices. Clearly,
f is analytic since it is a polynomial in the matrix elements
of R and S. Consequently, using the notation in Theorem A 1,
one sees that U (d ) = �k with k = (Id , 0d,d ) where 0d,d is the
zero matrix of dimension d × d and f is an analytic function.

Now, for a fixed unitary U = RU + iSU , we can define gU :
Md (R) × Md (R) → Md (R) × Md (R),

gU (R, S) = (RU R − SU S, RU S + SU R). (A6)
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With this definition, one can check that f ◦ gU = f for all
U ∈ U (d ), meaning that f is invariant under the left action
of unitary matrices. This implies that it is enough to prove
that the derivative of f at (R, S) = (Id , 0d,d ), D f (Id , 0d,d ), is
of full rank. We find, for all (H, K ) ∈ Md (R) × Md (R),

D f (Id , 0d,d )(H, K ) = (H + HT , K − KT ).

As any matrix A in Sd (R) can be written as 1
2 A + 1

2 AT

and any matrix B ∈ Ad (R) can be written as 1
2 B − 1

2 BT , this
proves that D f (Id , 0d,d ) is surjective in Sd (R) × Ad (R), i.e.,
f is of full rank.

As Md (R) × Md (R) � R2d2
and Sd (R) × Ad (R) �

Rd2
, we can apply Theorem A 1 to conclude that

U (d ) is an analytic submanifold of Md (R) × Md (R) of
dimension d2. �

We now turn to the results we need on the zeros of analytic
functions on compact, connected and analytic manifolds.

Theorem A2. Let � be an open connected subset of Rn

and f : � → C be an analytic function. Let Z ( f ) = {x ∈ � |
f (x) = 0} be the set of zeros of f. Then either Z ( f ) has zero
Lebesgue measure or f vanishes identically on �, meaning
that Z ( f ) = �.

A proof of this theorem can be found in Ref. [61]. To
generalize this theorem, we define a set of zero measure on a
manifold as follows. A subset N of a manifold M of dimension
m is said to have measure zero if on each local chart φ :
V → �, φ(V ∩ N ) is a subset of Rm with vanishing Lebesgue
measure. This definition leads to the following theorem on
connected and analytic manifolds.

Theorem A3. Let M be a connected and analytic manifold
of dimension m. Let f : M → C be an analytic function and
Z ( f ) = {x ∈ M | f (x) = 0} be the set of zeros of f . Then,
either Z ( f ) has zero measure or f vanishes identically on M,
meaning that Z ( f ) = M.

Proof. As M is a manifold, it is second-countable and
thus M is covered by a countable set of charts {Vn}n∈N ,
i.e., ∪n∈NVn = M. Let φn : Vn → �n ⊆ Rm denote the coor-
dinate functions on the charts Vn. Note that, if we fix n ∈ N,
f ◦ φ−1

n : �n → C is an analytic function on an open set of
Rm (because M is analytic). Consequently, by applying The-
orem A 2, either Z ( f ◦ φ−1

n ) has a zero Lebesgue measure or
Z ( f ◦ φ−1

n ) = �n, meaning that f vanishes on Vn.
We define two sets: I is the set of n ∈ N for which

Z ( f ◦ φ−1
n ) has zero Lebesgue measure and J is the set of

n ∈ N for which f vanishes on Vn. Let W = ∪i∈IVi and Z =
∪ j∈JVj . Note that W, Z are the union of open sets, so are
open. Moreover, as the sets Vn cover M, we find M = W ∪ Z .
Additionally, suppose there exists some p ∈ W ∩ Z , so that
p ∈ Vi ∩ Vj for some i ∈ I and j ∈ J . Note that, by defini-
tion of J , f ◦ φ−1

i vanishes on φi(Vi ∩ Vj ) ⊆ �i. However,
φi(Vj ∩ Vi ) is open in �i and nonempty. Thus, it has positive
measure in �i, so that f ◦ φ−1

i vanishes on a positive measure
subset of �i. This contradicts the definition of I , and we
deduce W ∩ Z = ∅.

Therefore, as M is connected, either W = M or Z = M. If
Z = M, then f vanishes identically on M. If M = W , then for
any n ∈ N, φn[Z ( f ) ∩ Vn] = Z ( f ◦ φ−1

n ) has zero Lebesgue

measure. Then, for any chart φ : V → � ⊆ Rm,

φ[Z ( f ) ∩ V ] =
⋃
n∈N

Vn∩V �=∅

φ[Z ( f ) ∩ V ∩ Vn],

and thus

φ[Z ( f ) ∩ V ] =
⋃
n∈N

Vn∩V �=∅

(
φ ◦ φ−1

n

)[
Z

(
f ◦ φ−1

n

) ∩ φn(V ∩ Vn)
]
.

Moreover, for n ∈ N, (φ ◦ φ−1
n ) is analytic, so differentiable,

and thus maps measure zero sets to measure zero sets (see
Ref. [62], Lemma 7.25). Since the countable union of measure
zero sets is itself measure zero, we deduce that φ[Z ( f ) ∩ V ]
is measure zero. Since this is true for any chart (V, φ), we
conclude that Z ( f ) is measure zero in M. �

Applying Theorem A 3 to the special case of U (d ), we
obtain Proposition 3.

Proof. Since U (d ) is a compact group, it has a unique
measure that is left invariant, called the Haar measure [63].
Moreover, U (d ) is a compact Lie group [58]. From Proposi-
tion 4.1.14 in Ref. [64], the Haar measure on U (d ) is a volume
form, meaning that the Haar measure is absolutely continuous
with respect to the Lebesgue measure on each local coordinate
patch. Thus, it suffices to show that Z ( f ) := {U ∈ U (d ) :
f (U ) = 0} has zero measure in the sense of Theorem A 3.

Note that the matrix entries Ui j,U ∗
i j are analytic functions

on U (d ) (by the implicit function theorem, Theorem 6.3.2 in
Ref. [60]). Since a polynomial of analytic functions is also
analytic, we deduce that f : U (d ) → R is analytic. Finally,
by assumption f �= 0 and we apply Theorem A 3. �

As a final remark, we explain how our results imply that the
simple structure of EKD+ is robust under small perturbations
of the bases. Recall that � is defined as the set of all unitary
matrices U that contain no zeros. Then, with � as defined in
Eq. (27), the set � ∩ � is open. Consequently, if U has no
zeros and is a “good” unitary (U ∈ �), then all sufficiently
small perturbations of U are also “good”. Thus, the simple
structure of EKD+ is robust under small perturbations of the
bases. Conversely, since � ∩ � has full measure, it is also
dense and thus if two sets of basis projectors A and B are
such that conv(A ∪ B) � EKD+, then there exist nearby sets of
basis projectors A′ and B′ for which conv(A′ ∪ B′) = EKD+.
In other words, there exists a small perturbation of the sets
of basis projectors A and B that do have a simple associated
EKD+.

APPENDIX B: PROOF THAT U� SATISFIES
Ker(CU� ) = spanR{Xk,Y� | k, � ∈ [[1, d]]}

We recall that U� is defined in Eq. (30). First, as N is
defined as (spanR{Xk,Y� | k, � ∈ [[1, d]]})⊥, a matrix N ∈ N
satisfies the following equations,

∀i ∈ [[1, d]], 0 = 〈Xi, N〉 =
d∑

j=1

Ni j,

∀ j ∈ [[1, d]], 0 = 〈Yj, N〉 =
d∑

i=1

Ni j, (B1)
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where we recall that orthogonality is with respect to the
Hilbert-Schmidt inner product 〈A, B〉 = Tr(A†B). This means
that a matrix N is in N if and only if the sum over every
column and over every row is zero. Next, we consider U� =
exp(id−1Jd ) = Id + zJd where z = d−1(ei − 1), Id is the iden-
tity matrix, and Jd is the matrix of ones. Note that Re(z) �= 0
and Im(z) �= 0. We want to prove that CU� |N is injective.
Suppose that there exists N ∈ N with CU� (N ) = 0. Then, for
all j, k,

−iCU�

jk (N )

=
d∑

l=1

(Njl − Nkl )(U�)∗kl (U�) jl

= |z|2
d∑

l=1

(Njl − Nkl ) + (Nj j − Nk j )z
∗ + (Njk − Nkk )z

= (Nj j − Nk j )z
∗ + (Njk − Nkk )z, (B2)

where the first term from the second line is zero as the sum
over every column of N is zero by Eq. (B1). Since CU� (N ) =
0, the real and imaginary parts of Eq. (B2) are zero, yielding
that, for all ( j, k) ∈ [[1, d]]2,

(Nj j − Nk j )Re(z) = (Nkk − Njk )Re(z), (B3)

(Nk j − Nj j )Im(z) = (Nkk − Njk )Im(z). (B4)

As Re(z) and Im(z) are not zero, adding Eqs. (B3) and (B4)
yields that, for all ( j, k) ∈ [[1, d]]2,

Nkk = Njk . (B5)

Finally, for a fixed k ∈ [[1, d]], Eq. (B1) implies that

0 =
d∑

j=1

Njk =
d∑

j=1

Nkk = dNkk . (B6)

Thus, for all k ∈ [[1, d]], Nkk = 0. Eq. (B5) then implies that
N = 0. Consequently, as Ker(CU� |N ) = {0}, CU� |N is injec-
tive, concluding our proof. �

APPENDIX C: ON THE ABSENCE OF
KD-POSITIVITY-PRESERVING UNITARIES

Let (|ai〉)i∈[[1,d]] and (|b j〉) j∈[[1,d]] are two orthonormal bases
of a Hilbert space of dimension d . We denote by U the tran-
sition unitary matrix between the two bases and by EKD+ the
set of KD positive states associated to the unitary matrix U .
We say that T ∈ U (d ) is a KD-positivity-preserving unitary
if and only if TEKD+T † = EKD+. The goal of this appendix is
to prove the following proposition, regarding KD-preserving
unitaries.

Proposition C1. In any dimension d � 3, there exists a set
V (d ) of full Haar measure among the set of unitaries U (d ) for
which the only KD-positivity-preserving unitaries T are given
by the family [T (θ ) = eiθ Id ]θ∈R.

We now suppose that U ∈ W (d ), where W (d ) = � ∩ �.
Here, � is the set of all unitaries that do not have zeros,
and � is defined in Eq. (30). We thus have that mA,B > 0
and EKD+ = conv(A ∪ B). This implies that Epure

KD+ = A ∪ B.
As T preserves the extreme points of EKD+, T realizes a

permutation of the set of 2d elements A ∪ B. The following
lemma shows that only specific permutations are allowed.

Lemma C1. Suppose that (|ai〉)i∈[[1,d]] and (|b j〉) j∈[[1,d]] are
two orthonormal bases such that mA,B > 0 and EKD+ =
conv(A ∪ B). If T is KD-positivity preserving, then one of
the two alternatives occurs:

(1) There exist permutations (σ, τ ) and phases
(ηi )i∈[[1,d]], (θ j ) j∈[[1,d]] ∈ R2d such that

∀i ∈ [[1, d]], T |ai〉 = eiηi |aσ (i)〉,
∀ j ∈ [[1, d]], T |b j〉 = eiθ j |bτ ( j)〉. (C1)

(2) There exist permutations (σ, τ ) and phases
(ηi )i∈[[1,d]], (θ j ) j∈[[1,d]] ∈ R2d such that

∀i ∈ [[1, d]], T |ai〉 = eiηi |bσ (i)〉,
∀ j ∈ [[1, d]], T |b j〉 = eiθ j |aτ ( j)〉. (C2)

Proof. Suppose that we are not in case (1). By reordering
the bases (|ai〉)i∈[[1,d]] and (|b j〉) j∈[[1,d]], we can suppose that
T |a1〉 = eiη1 |b1〉, where η1 ∈ R. Then, suppose that, for some
� ∈ [[1, d]] and some η2 ∈ R, T |a2〉 = eiη2 |al〉. This implies
that

0 = 〈a1|a2〉 = 〈a2|T †T |a1〉 = ei(η1−η2 )〈a�|b1〉. (C3)

Since mA,B > 0, we obtain a contradiction. Moreover, as T
is unitary and preserves the set A ∪ B, there exist j ∈ [[2, d]]
and η2 ∈ R such that T |a2〉 = eiη2 |b j〉. Repeating this argu-
ment, we obtain that there exist a permutation σ and phases
(ηi )i∈[[1,d]] such that

∀i ∈ [[1, d]], T |ai〉 = eiηi |bσ (i)〉. (C4)

Now, we turn our attention to (T |b j〉) j∈[[1,d]]. Suppose that
there exists j ∈ [[1, d]] and θ1 ∈ R such that T |b1〉 = eiθ1 |b j〉.
Then, there exists i ∈ [[1, d]] such that σ (i) �= j. Thus,

〈ai|b1〉 = 〈ai|T †T |b1〉 = ei(θ1−ηi )〈bσ (i)|b j〉 = 0, (C5)

which contradicts mA,B > 0. Thus, TBT † = A. As above,
there exist a permutation τ and phases (θ j ) j∈[[1,d]] ∈ Rd such
that

∀ j ∈ [[1, d]], T |bj〉 = eiθ j |aτ ( j)〉. (C6)

This proves that we are in case (2). �
Proof of Proposition C1. Let U ∈ W (d ). Suppose that

there exists a KD-positivity-preserving unitary T . By Lemma
C 1, we have to consider two cases. In case (1), there exist two
permutations (σ, τ ) and 2d phases (ηi)i∈[[1,d]], (θ j ) j∈[[1,d]] such
that

∀i ∈ [[1, d]], T |ai〉 = eiηi |aσ (i)〉,
∀ j ∈ [[1, d]], T |bj〉 = eiθ j |bτ ( j)〉. (C7)

Using Eq. (C7), we obtain that for all ( j, k) ∈ [[1, d]]2,

eiηk 〈ak|b j〉 = eiθ j 〈aσ (k)|bτ ( j)〉. (C8)

Suppose that (σ, τ ) �= (id, id). Without loss of generality,
we can suppose that σ �= id. Thus, there exists p ∈ [[1, d]]
such that σ (p) �= p. Relations (C8) then imply that the set
of unitary matrices U ∈ W (d ) for which the unitary T is
KD-positivity preserving is included in Z ( fσ,τ ) where

fσ,τ : U ∈ U (d ) → |Up1|2 − |Uσ (p)τ (1)|2 ∈ R. (C9)
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We recall that Z ( fσ,τ ) denotes the set of zeros of the function
fσ,τ . Note that fσ,τ is a polynomial in the real and imaginary
parts of the elements of the matrix.

We now construct a unitary matrix U�,1 such that
fσ,τ (U�,1) �= 0. We define two orthonormal vectors of Cd

given by

ũ1
� = 1√

d (d − 1)
[1 · · · 1 − (d − 1)1 · · · 1]T (C10)

and

ũ2
� = 1√

d
(1 · · · 1)T, (C11)

where the coefficient −
√

d−1
d is in place p. By the Gram-

Schmidt process, there exists (̃u j
� ) j∈[[3,d]] such that (̃u j

� ) j∈[[1,d]]

is an orthonormal basis of Cd . We now define U�,1 to be{
(̃u1

� ũτ (1)
� ũ3

� · · · ũτ (1)−1
� ũ2

� ũτ (1)+1
� · · · ũd

� ) if τ (1) �= 1,

(̃u1
� · · · ũd

� ) if τ (1) = 1.

(C12)

We then compute

fσ,τ (U�,1) =
{

d−2
d �= 0 if τ (1) �= 1,

2−d
d (d−1) �= 0 if τ (1) = 1.

(C13)

Consequently, Z ( fσ,τ ) is, by Proposition 3, a set of zero Haar
measure. To conclude case (1), suppose that (σ, τ ) = (id, id).
The relations (C8) imply that

∀( j, k) ∈ [[1, d]]2, eiη j = eiθk . (C14)

We thus get that, according to the definition of T given by
Eqs. (C7), θ j = η1 [2π ] and η j = η1 [2π ] for all j ∈ [[1, d]].
Then, T = eiη1 Id .

In case (2), there exist two permutations (σ, τ ) ∈ �(d ) and
2d phases (ηi )i∈[[1,d]] and (θ j ) j∈[[1,d]] such that

∀i ∈ [[1, d]], T |ai〉 = eiηi |bσ (i)〉,
∀ j ∈ [[1, d]], T |bj〉 = eiθ j |aτ ( j)〉. (C15)

We obtain similarly that, for all ( j, k) ∈ [[1, d]],

eiηk 〈ak|b j〉 = eiθ j 〈bσ (k)|aτ ( j)〉. (C16)

Note that there exists p ∈ [[1, d]] such that σ (p) �= 1. Thus,
relations (C16) imply that the set of unitary matrices U ∈
W (d ) for which the unitary T is KD-positivity preserving is
included in Z (gσ,τ ) where

gσ,τ : U ∈ U (d ) → |Up1|2 − |Uτ (1)σ (p)|2 ∈ R. (C17)

Note that gσ,τ is a polynomial in the real and imaginary parts
of the elements of the matrix.

We now construct a unitary matrix U�,2 such that
gσ,τ (U�,2) �= 0. We define U�,2 to be

U�,2 = (̃u1
� ũσ (p)

� ũ3
� · · · ũσ (p)−1

� ũ2
� ũσ (p)+1

� · · · ũd
� ). (C18)

We then compute

gσ,τ (U�,2) = d − 2

d
�= 0. (C19)

Consequently, Z (gσ,τ ) is, by Proposition 3, a set of zero Haar
measure.

Consequently, the set of matrices U that admit a KD-
preserving unitary that is not a global phase change is included
in the set

�(d ) = W (d )C ∪
⋃
(σ,τ )

(σ,τ )�=(id,id)

Z ( fσ,τ ) ∪
⋃
(σ,τ )

Z (gσ,τ ). (C20)

As W (d ) is of full Haar measure, we obtain that �(d ) is of
zero Haar measure. Defining V (d ) to be the complementary
set of �(d ), we conclude the proof. �

This proposition thus proves that, with probability one in
any dimension d � 3, the only KD-positivity-preserving uni-
taries are given by (eiθ Id )θ∈R and these unitaries act trivially
on A ∪ B.

APPENDIX D: KD DISTRIBUTION ON AN n-QUBIT
SYSTEM

We have shown that, with probability one, the set of KD-
positive states EKD+ is an explicitly known polytope with 2d
vertices. In this appendix we show through an example that
in specific cases, the structure of EKD+ can be much more
involved.

We consider for that purpose a KD distribution naturally
associated to an n-qubit system. For n = 1, we consider
the computational basis A1 = (|0〉, |1〉) and the basis B1 =
(|+〉, |−〉). The transition matrix between these two bases is
the real Hadamard matrix, which is also the discrete Fourier
transform (DFT) matrix. The only KD-positive pure states are
in that case the basis states.

If n ∈ N∗, we consider the KD representation of a system
of n qubits given by the following two tensor product bases:

An =
{

n⊗
i=1

|εi〉 | εi ∈ {0, 1}
}

,

Bn =
{

n⊗
i=1

|ηi〉 | ηi ∈ {−,+}
}

. (D1)

This KD representation can be viewed as being associated to
the group (Z2)n and its Heisenberg group as described in Ref.
[53]. This allows one to identify the set of KD-positive pure
states, which we denote by Epure

KD,n. The case n = 2 is explicitly
worked out below. One can then determine the cardinality
|Epure

KD,n| of Epure
KD,n:

∣∣Epure
KD,n

∣∣ =
n∑

p=0

2n

∏p
k=1(2n − 2k−1)∏p
k=1(2p − 2k−1)

. (D2)

One can prove the following inequalities :

2
n2

4 �
∣∣Epure

KD,n

∣∣ � 2(n+1)2+1. (D3)

This proves that the KD distribution naturally associated
to n qubits has O(d log2(d ) ) KD-positive pure states, where
d = 2n is the dimension of the underlying Hilbert space.
This observation illustrates the complexity of the structure
of conv(Epure

KD,n) in comparison with the simplest situation that
occurs with probability 1 where |Epure

KD+| = |A ∪ B| = 2d .
When n = 2, we list in Table I the 20 KD-positive

pure states. In this case, the underlying Hilbert space is of
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TABLE I. List of KD-positive pure states for the KD representa-
tion associated with two qubits.

|00〉 |01〉 |10〉 |11〉
|00〉+|01〉√

2
|00〉−|01〉√

2
|10〉+|11〉√

2
|10〉−|11〉√

2

|00〉+|10〉√
2

|00〉−|10〉√
2

|01〉+|11〉√
2

|01〉−|11〉√
2

|00〉+|11〉√
2

|00〉−|11〉√
2

|01〉+|10〉√
2

|01〉−|10〉√
2

| + +〉 | + −〉 | − +〉 | − −〉

dimension 4. The number of KD-positive pure states in the
simplest situation would be 8, occurring with probability 1.

We note that, as shown in Ref. [53], for the two-qubit KD
representation, we have that

conv
(
Epure

KD,2

)
� EKD+. (D4)

In other words, in that case, the set of KD-positive states may
not be a polytope and contains exotic states. We expect this to
be true in all dimensions.

APPENDIX E: WITNESSES OF conv(A ∪ B)

In this appendix, we show how the simple structure of
conv(A ∪ B) can be used to construct estimates of the dis-
tance of a state ρ� to conv(A ∪ B). In Ref. [50], the authors
proved that the facets of conv(A ∪ B) are given by conv(Ai ∪
B j ) for all (i, j) ∈ [[1, d]]2 where

Ai = {|a�〉〈a�| | � ∈ [[1, d]]\{i}},
B j = {|bk〉〈bk| | k ∈ [[1, d]]\{ j}}.

For a fixed (i, j) ∈ [[1, d]]2, the bounding plane associated to
the facet is given by

|ap〉〈ap| + spanR{|a�〉〈a�| − |ap〉〈ap|, |bk〉〈bk| − |ap〉〈ap|}� �=i
k �= j

,

where p = min[[1, d]]\{i}. This set is an affine hyperplane in-
side the set E = spanR(A ∪ B) ∩ {F ∈ Sd (C) | Tr(F ) = 1}
and a bounding plane of conv(A ∪ B). Thus, there exists
ηi j ∈ E such that

∀ρ ∈ conv(A ∪ B), Tr(ηi jρ) � Tr(ηi j |ap〉〈ap|). (E1)

Such witnesses can be explicitly constructed owing to the
simple structure of conv(A ∪ B). As an example, when the
transition matrix is the DFT matrix in dimension 3, the wit-
nesses are given by

∀(i, j) ∈ [[1, 3]]2, ηi j = I3 − |ai〉〈ai| − |b j〉〈b j |. (E2)

Suppose that such a witness ηi j is given and that ρ� is
a quantum state satisfying that Tr(ηi jρ�) > Tr(ηi j |ap〉〈ap|).
Then,

0 <
Tr[ηi j (ρ� − |ap〉〈ap|)]

||ηi j ||2 � d[ρ�, conv(A ∪ B)], (E3)

where d(ρ�, A) denotes the distance of ρ� to the set A.
One can then use Theorem 1 from the paper in the fol-

lowing manner. If the transition matrix is in � ∩ �, we know
EKD+ = conv(A ∪ B), so that we obtain a lower bound on the
distance of ρ� to EKD+, given by

d(ρ�, EKD+) � Tr(ηi jρ�) − Tr(ηi j |ap〉〈ap|)
||ηi j ||2 > 0. (E4)

Obtaining such a bound whenever conv(A ∪ B) � EKD+ is
considerably more difficult because in that case EKD+ may not
be a polytope, and even when it is, it may be very difficult to
determine its bounding planes.

APPENDIX F: SIMULABILITY

A KD-positive quantum circuit is composed of a KD-
positive input state, KD-positive unitary gates, and
KD-positive measurement elements. KD-positive states
and KD-positive measurement elements were defined in the
main text. KD-positive gates are defined as follows. Let T be
a unitary on H, then there exist Ki j:i′ j′ ∈ C so that

Q(T ρT †)i j =
∑
i′ j′

Ki j:i′ j′Qi′ j′ (ρ), (F1)

with ∑
i j

Ki j:i′ j′ = 1,∀i′, j′.

A unitary T is said to be KD positive if all Ki j:i′ j′ � 0.
As explained in the Discussion section, such circuits can be
efficiently simulated classically.

To see how Theorem 1 impacts the problem of efficient
simulability, we first note that, clearly, a KD-positive unitary
is KD-positivity preserving. Hence Theorem 1 implies that,
with probability one, the only quantum circuits that are KD
positive are those that have as input states (convex mixtures
of) the basis states, followed immediately by a KD-positive
measurement.
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